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Semidefinite Relaxation-Based Localization of Scanning Emitters Using
Joint SA and TDOA Measurements

ZHANG Hairui, ZHANG Zhaolin', XIE Jian, TAO Mingliang, WANG Ling
(School of Electronics and Information, University of Northwestern Polytechnical of China, Xi’an, Shaanxi 710072, China)

Abstract:  Scanning emitters are characterized by high main-lobe signal-to-noise ratios, narrow beams, and stable
scan periods, and have been widely deployed in both military and civilian applications. To address the limited information
offered by a single measurement modality in passive localization of scanning emitters, this paper proposes a semidefinite-re-
laxation localization algorithm that jointly exploits time difference of arrival (TDOA) and scanning angle (SA) measure-
ments. We first formulate a maximum-likelihood localization model under the combined TDOA-SA measurement scheme.
To overcome the strong nonconvexity of the resulting cost function-manifested by sensitivity to initialization and suscepti-
bility to local minima-we introduce auxiliary variables to relax the original nonconvex observation model and recast the
problem into an efficiently solvable convex optimization program, yielding a stable globally optimal solution to the relaxed
formulation. On this basis, feasible-set analysis is conducted by incorporating second-order cone constraints on range and
bounded constraints on scanning angle, which effectively suppresses the feasible-set expansion induced by relaxation and
enables accurate emitter localization. Furthermore, the Cramér-Rao lower bound (CRLB) under the joint measurement
scheme is derived, and the minimum number of required receiving stations is analyzed. Simulation studies are conducted to
evaluate the localization performance of the proposed algorithm. Simulation results demonstrate that, under scenarios with
relatively large measurement errors, the proposed joint TDOA-SA scheme achieves higher localization accuracy than the
scheme relying solely on SA measurements. When the root-mean-square error (RMSE) of SA measurement is below 1° and
the RMSE of TDOA is below 50 s, localization performance of the proposed algorithm approaches the CRLB .
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Figure 1  Passive localization scenario for scanning emitters
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Figure 2 Geometric localization using TDOA and SA
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z,=diag(0? .62, 62, ) %8 TDOA SA FOil 7 2%

H T AOA I SA () £ I AL A [7] | 38 3R R
FHE S . DI A AOA-SA AR B By 7 22 %6 4 Ky

ii:

(45)

(47)
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P
W ionssa= |: /

x)
0 wZX+X,

(48)

Hop x,=diag(cl.cl, -2 ) R AOA T EHR 2%
E— 25 1 5 40 BT B A AR ] 1) Jacobian i [, J, Fl
J, 53 5 2 o AOA-SA 1A . TDOA-SA {4 il fY Jacobian

B
| -(y-») (x-x,) K
Ju-p. | Ju-p.|
~(y-»,) (x—x,)
| et s
~(v=»2) | =y) (x-x)  (x-x)
Ja=pol” Ju-p|" Ju-po Ju-p.|
~=n) =) (v-x)  (x-x)
a=p " Ju-p|" Ju-p. " Ju-p [
(49)
J2:
] L
I x=x, x—x | 1| y=y,  y=y
\|u=p:| ||"—P1||) \lu=p:| [u-pi]
1 x-x,  x-x ) I y=v.  y-n
\a-p.| Nu-pi]] \|u-p.| |u-p]
~(r=») | (r=y)  (3mx) | (xex)
lu=p.” Ju-p[ Ju-p| Ju-p|
“=n), en) o (xox) o (xex)
lu=p.]" Nu-p | Ju-p.[" Ju-p] ]
(50)

i 20 (49) F1=8 (50) 20 rl 75, B A AOA-SA 1A i
AHEE T B ) AOA ATl f%) Jacobian % B J1- 4 48 Jin %
£1 RRFAEE

Table 1 ~ Experimental environment

SMIAE BAEE AP e — 2 5 B IR . BEA TDOA-SA
1Al 11 Jacobian 4 B4 J& + 5248 77 W] (1 &, ol A 2L
PARGISE F i L

XF Fisher {7 2 B K 38, RYAT A5 21 15 22 o7 748 ]
f) CRLB:

-1

CRLB= (JW'J) (51)

XN 2 i g 5 R AL LA RS T (Geometric
Dilution Of Precision, GDOP) &

GDOP= /o +0] = \/tr(CRLB)
2.4 s/ TEEE SR
FER R O A RTEE T, 1A TDOA-SA 14
TR SV E A T R AT S B 2 e B AR S L D
uelRP, FEn LIS 50F , EIAEE R 2(n—1),
NI 7 B 1 06 B AR A o B, BB
2(n-1)=2 (53)
D] skt XLl BRI RT i 300 4 1 o R SR A . SR
T, 356 T 00 A 36 A A il 78 TR b s DA AR IR M —
PR RREME . LT F BE 43 Ar , B 3 50 T T Ay 3L
MM B, —F s T — el 24
R TEME R B 5T 2 IR kA . BRILZ
A, 204 5 SR A T R 2R AE K 2k B AT ok b A IX R
TDOA F1 SA £y o8 1y & JZ J5 Inl & T 3L &k, b it
det (Jiponssa ) = 0, SMFBUEAL #1807 285 5 X6 1
7 R R
PRI, 6 TR N FH R AR AT AR 04 i 6 PERE
A B G N A BUL  TE E E AR, SE LR
SFRURASE B PR R A o

3 HESERKREEST

AT O B 50 56 UE BT R B A 4 A R
By 5 R RvE IR F R 5 SA-LST™ U SA-TLS!™
SA-ML'™ | TDOA+SA-ML. TDOA+SA-SDR #l TDOA+
SA-ESDR %5 J57 ¥ EAT X o iR SR B an e 1 i .
H1, TDOA+SA-SDR &7 53 = 1E 2 #ir ith 77 5, TDOA+
SA-ESDR &7 WS B8 W] A7 38 1) 34 58 F 1E 28 W it 7 7%

(52)

T 5 ZA 1 RS
1 CPU 13th Gen Intel(R) Core(TM) i5-13500H (2.60 GHz)
T R385
2 NTE 32 GB
3 15 B A MATLAB R2025a
4 BAEFRSE THA Yalmip
5 SR A Mosek
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WA it 52 R 2 3 B BT 4 B E AR
BE 58 SRR SR 8 AL 19 34 77 #1222 (Root Mean Square
Error, RMSE ) K

RMSE= |- S [ui | (54)
= Mm:1 Uu—u

Hodr, MR SRR P WRE 0™ 5 m IR ZE R P i
{7 B A T4
IR R AR 2 B R AE —gE A B AL ORI B
P BARE N o BYURZMG R 2 SR [ E 5 K0
SEEI -
£,= {p:(u—ﬁ)TP"(u—ﬁ) sA},Azxia (55)

Horr, a Fon SR RO BG4 R 50, W H
209 R J7 Ay AT TE EAR B o T B 5 BB PO AL AR O
DT 2E R

P:["X2 ”*-;} (56)

o, O,

X PHEATRRAEAE 43 A5 2 A, RN A, , 12 25 10 [ A 4
R a= \JAr, R b= /AL, o KA 1 X R A
KAEFAEAE 2, B FRAE ) &, 7E 1% 07 M A R A 55 o 8 4
J7 18] %5F IO f5 /N AE AFL A, B R AIE [] 2, 9% 7 ) 3 L
ZER TN R R 7

RIS — « BN AT

A5 T8 L0003k 1 8 S U X 1, R ARIE R SR
it 110 el 1 R I — ORI 35 5 E IR R S L 3
PLE MR 2 Fon o BRI, E A [60, 60 Jkm , £ 415
R B R R E S s DO S 1k
22yl | A XL 3% [ K X6 2 2 3l 7 s e s 2% 347 7 AR
P22 30 ns, BF 22 I 5 1 ¥ 05 AR AR 22 258 100 ns,
HH AW IR 22N E 0.5 NI UEL
WG {5 B, EAT 500 K 52 45 Bl o i 2 K5,
A3 BT AR SCIT 4 e KAV R O vk 45 2 1E 28 s it 1k 1 Al
TR b SR R AUSR 7 k LAR FH I R 48 25 SR 1
HPIERAE, A& 20K 1% A 10 km,

F2 WWskmiLiE A km
Table 2 Positions of passive sensors unit:km
pURIIb e 1 2 3 4 5
g X 0 0 0 50 100
PiEY 100 50 0 0 0

76 P 4 G JLART A 44 R 50 UE AR S 2.1 5 BT 4R
B B R ARLBR ARk A0 ik PR R . B U Be Ak AR
WP S T, AT LA A RE A 45 28 A 0 B 1
T i T 40 2 A S W L S L BT 6 AR SO R TE X-Y
ST HR ) SE A7 465 SR T PRI R 2 A Rl 2, % 3
RTERMM G4 R

15 B3, Bl 5 05 BE 3G i, TDOA+SA-ML J7 %

& i 2026 4F
120
S L
100 ‘MWJJ&‘
80
§ 60 %
‘XMMM;EZ
40 F
20 F
L3 L4 A5
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Figure 4 Sensors-emitter relative positions
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Figure 5 ML iteration results of the Ist experiment

5 TDOA+SA-ESDR J7 ¥ 15 2= M [R] 4< J il 349 328 7 3
i, e 67 15 2 M 1B TR AR Y i L A HY A5 il e £ 1)
AR o T PR TR T a5 2 A [ ) oAty 1) E B O 25
P4 B R AE i) e R, T ZE LA AR, TDOA Uit 28 A1l
SA S5 Ay BE (B 7E A i 2 A J7 ) 29 O IR 50 2 1 B
F iz R

X L A5 5 9 RMSE, i1 T TDOA+SA-ESDR J7
02 J ) I AR, 1 BE B 25 T TDOA+SA-ML J7 i o
HL 2 TF 28 A 5ty v T R 000 4 (R A 7 26 A ROR i, ok
B 1 DRI s 7 AN TR A TS B0 S A6 R R IR R

R — . CRLB X e By

TERE— 05 BT 6 FERTRMA I ) CRLB, 43
HrIE& TDOA-SA RS g PEBE L . b ZER[H TDOA
I 15 2 1 1 BB X a3 v, 37 AR 12 22 A 10 ns DL
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Figure 6  Localization results and error ellipse
®3 S00RIRIEE KWGITHER BRZE B, B — DU SA ARl M BRAR AL K T I A
Table 3 Statistical results for 500 monte carlo trials ,ﬁgﬁrﬁu ) ,{% T%iﬁ [%‘ E/‘] ﬁ*z ,fj ;r& ﬁg %’l i/g 73‘ *E i%% j( F 1°
e 0% HINEH | 9 WITBE i K4 TDOA-SA P BB T o Bt 0 SA 1A 142 1 1
DIRES o W) | Ky | ks | b | sk HKT97.7%,
km | km | km | km L5 LBk L 6 A TDOA-SA. 4 i 3 5 30 iy 2 i1 45
TDOA+SA-ML [0.029 9{56.270 3]0.069 2{0.033 6| 0.097 8 |0.047 5 = > —t e S
i A IR O SO P NGy & S IR G
TDOA+SA-ESDR|0.038 2|131.917 0/0.071 4/0.051 0| 0.100 9 |0.072 2 . \
FENLPEREIFHR T E R

T B0 A B ZE 100 s, SA BT AR 2E R 0.5°,
AOA M T RIR 2 M 17, FE AR SA MR T 1
P e b g6 v, ¥ 07 AR 22 A 0.01° 3 i & 37,
TDOA 4 77 #1525 24 100 ns, 75 EL45 15 4 FE 7
s o

i 7 (a) AT AR, Bl 5 B 22 0t 2 7 A 15 2 1 1
K, B—H TDOA A CRLB PE g s B 1k , B4
TDOA-SA &l 0] A 2 M il iz B AL MG, & M40k o
MR 22 /N T 1 ps B, BE A TDOA-SA 14 il A %5
TR I SA MR RS 55 K T 63.8% 0 YU iR
Z KT 10 ps W, 5T TDOA 4 il $2 7+ 38 25 K F
76.99% . K7 (b) AT 15, bifi 4 $ 4 AR R I 6 38 O AR

TR =« AS[R] B[] 2 00 15 2 14 BE X L 43 B

e LRGE R g ad 500 R E R Y
TG B0 E N R 22 0 PR 22 N R RS . I 22
W5 MR 22 I 100 ns DS B8 38 i 2 100 s,
PR A B R 225 B 0.5 . 0 BT A SO B ik
5 {4 55 SA-LS . SA-TLS . TDOA+SA-ML & i 1 4 i1 ¥
e b fE i KUK T vk 0y s AR S P, R A
I A AL 28 AR R LR B R ALK R 10 km,
ELAE RN E 8 TR .

Wi 5 Ao () ) 58 25 A MG 0, BT A O AR RS BE Y
TR ORISR T AR — Mgt Al v g
% {5 Wi F 72 X b3k %] CRLB, SDR 77 ¥ B9 00 37 T4

F*4 BAEH CRLBIZFIEH
Table 4 CRLB enhancement gain using TDOA and SA

Ao 25 D 1 1 7 AR iR 22 10 ns 100 ns 1 ps 10 ws 100 ps

(CRLB o, = CRLB 1o, (54 ) CRLBpos 0.4% 2.3% 12.7% 76.99% 97.58%
(CRLBg, — CRLB 0, . 54 ) CRLBg, 98.22% 95.38% 63.8% 4.74% 0.5%

(CRLB o5 = CRLB o5, 54 )/ CRLB 4o, 45.92% 45.92% 45.92% 45.92% 45.92%

TR Sy PR A X MR 2 0.01° 0.5° 1° 1.5° 2°

(CRLBpos = CRLB s, 54 ) CRLBypo, 62.79% 3.4% 1.5% 0.9% 0.1%

(CRLBg, —CRLByo4 . 55 ) CRLBg, 14.02% 94.38% 97.7% 98.56% 98.85%
(CRLB 5, = CRLB 44,54 )/ CRLB 404 98.69% 53.18% 21.48% 13.16% 7.28%
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Figure 7 Comparison of different measurement schemes
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Figure 9  Localization RMSE vs. SA measurement RMSE
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